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We study stationary and axially symmetric two solitonic solutions of five dimensional vacuum 
Einstein equations by using the inverse scattering method developed by Belinskl and Zakharov. In 
this generation of the solutions, we use five dimensional Minkowski spacetime as a seed. It is shown 
that if we restrict ourselves to the case of one angular momentum component, the generated solution 
coincides with a black ring solution with a rotating two sphere which was found by Mishima and 
Iguchi recently. 
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I. INTRODUCTION 

In four dimensional Einstein-Maxwell systems, stationary black holes are considerably interesting objects since we 
would expect that any black holes formed by gravitational collapse settle down to a stationary state. Remarkably, 
stationary black holes are characterized only by total mass, angular momentum and electric (magnetic) charge. This 
fact is well known as uniqueness theorems of black holes Therefore, a lot of authors have investigated global and 
local properties of stationary black holes as the final state of black hole spacetimes. 

Recently, higher dimensional black holes have much attention since the possibility of higher dimensional black hole 
production in a linear collider is predicted in TeV gravity However, it is not clear whether black holes will be 
formed through the collisions of protons in the linear collider. Though at first glance it seems that we cannot expect 
to obtain a complete description of real black holes due to the complexity of Einstein equations, essentially their 
nonlinearity, the uniqueness theorem of higher dimensional black holes would let us know the answer, at least, some 
information on the final states. However, it is unlikely that in a higher dimensional stationary black hole spacetime 
there exists the uniqueness theorem in the sense of one in a four dimensional black hole spacetime, which means that 
the set of the parameters of mass, angular momentum and charge fails to determine a higher dimensional black hole 
uniquely. In fact, after the discovery of Myers-Perry solution whose horizon is topologically [ 3, Emparan and Reall 
found a five dimensional rotating black ring solution with the horizon homeomorphic to 5'^ x . It has been found 
that there is a range within which these two solutions have the same mass and angular momentum. This implies the 
absence of the original uniqueness theorem like that of four dimensional black holes. If one restricts the topology of 
a horizon to S^, it has been shown that the only asymptotically flat black hole solution is Myers-Perry solution |^. 
We also comment that in Einstein-Maxwell-Chern-Simon theory, five dimensional black holes with spherical topology 
cannot be characterized by only these three physical parameters @ , neither can black ring solutions coupled with 
form fields 0. In this view, what kind of black hole solutions there can exist in five or higher dimensional spacetimes 
is an interesting problem, and in order to find such black hole solutions admitted as possible, we have to develop 
generating-techniques of solutions of higher dimensional Einstein equations. 

In four dimensional Einstein gravity, systematic generation-techniques of stationary and axisymmetric solutions 
have been developed by a lot of authors 0. Recently, Mishima and Iguchi 0 applied one of these techniques, 
Castejon-Amenedo-Manko’s method |in| . to five dimensional vacuum spacetimes and derived the asymptotically flat 
black ring solution which rotates in the azimuthal direction of two sphere. This solution is generated from five 
dimensional Minkowski spacetime as a seed. The expression of this solution as a C-metric coordinate was studied 
by Figueras p^. As a solitonic generation-technique in four dimensional Einstein gravity, Belinski and Zakharov 
developed the inverse scattering method 0. They generated Kerr-NUT solutions as simple two solitonic solutions 
on the Minkowski background. This technique is also used for the generations of multi-black hole solutions 0. We 
would expect that the application of this method to more than four dimensions might lead to the generation of a lot 
of physical solutions. In fact, the static black ring solution M , the five dimensional Schwartzschild solution j^L 
the Myers-Perry solution with two angular momentum components were reproduced by using this technique |Hil| . 

In this article, we will apply the inverse scattering method established by Belinski et al. to five dimensional 
stationary and axisymmetric spacetimes, which means that there are a timelike Killing vector field and two axial 
Killing vector fields. We choose five dimensional Minkowski spacetime as a seed. Mishima-Iguchi’s method gives 
solutions with only one angular momentum. On the other hand, in general, this inverse scattering method generates 
solutions with two angular momentum components. However, such a solution generated from Minkowski seed is not 
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regular. Therefore, in this article, we focus on the case with a single angular momentum and show that it coincides 
with a black ring solution with a rotating two sphere IT^ . 

This article is organized as follows. In Sec. QH we will review the result of Belinski’s studies, and mention the 
normalization when we construct a physical metric, which satisfies the supplementary condition detg = —from an 
unphysical metric. In Sec. EH we will study two solitonic solutions from five dimensional Minkowski spacetime as a 
seed. The solution with one angular momentum coincides with a black ring solution with a rotating two sphere Hill 
We summarize this article and give a discussion of related matters in Sec. |W| 


II. D DIMENSIONAL n SOLITON SOLUTIONS 


In this section, we review the results of Belinski’s method M applied to gravitational fields in general di¬ 
mensions. We begin with D dimensional stationary vacuum spacetimes with D — 2 commuting Killing vector 
fields {d/dt),{d/dx'^),-■ ■ ,{d/dx^~^), where (d/dt) is the Killing vector field associated with time translation and 
{d/dx^), • • •, {d/dx^~‘^) denote the spatial Killing vectors. From the discussion in Ref. ^3, in vacuum spacetimes, 
the two-plane orthogonal to these Killing vector fields is integrable. In such spacetimes, the metric can be written in 
the canonical form [ly : 


ds^ = f{dp^ + dz^) + gabdx^dx^, ( 1 ) 

where / = f{p,z) and gab = gabip, z){a,b = 1, •••,£) — 2) are a function and an induced metric on the {D — 2) 
dimensional plane, respectively. Both of them depend only on p and z. The (D — 2) x {D — 2) matrix g = {gab) 
satisfies the constraint, det g = —p^. From the vacuum Einstein equation Rab = 0, the matrix g also satisfies the 
solitonic equation, 


{P9,p9 ^),p + {pg,z9 ^),^ = 0 , ( 2 ) 

and from the other equations Rpp + Rzz = 0 and Rpz = 0 , we obtain the equations which determine the function 
f{p, z) for a given solution of the solitonic equation (|2Jl, 

(ln/).p = -i + ^Tr(C/ 2 -U 2 ), ( 3 ) 

(ln/)., = lTr([/y), (4) 

2p 

where the {D — 2) x [D — 2) matrices C/(p, z) and V{p, z) are defined as 

U = P9,p9~^, V = P9,z9~^- ( 5 ) 

The integrability condition with respect to / is automatically satisfied for the solution g of the equation |(21). Then, 
the n solitonic solution, which satisfies the constraint det gab = —p^, can be written as follows, 
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^(phys) ^ (g) 

k^l 

where the unphysical metric which is a solution of the equation 0 but does not meet the supplementary 

condition det gab = —p^-, is given by 


g(unphys) (5o)ca(5o)db[V’o HPh P^ ^ (Pk , P, z)^'^. (7) 

k,l^l 

Here go is an arbitrary seed solution and the poles pk are given by = Wk — z ± \/{wk — zY + P^ together with 
arbitrary constants Wk{k = 1, • • •, n) and rn^J {k = 1, • • •, n; a = 1, ■ ■ ■, D — 2). The matrix H^* is the inverse of 
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Tki, which is given by := p, [V’o ^(w,P,-z)]“(5o)ad- The generating matrix 

ipoiX, p, z) is a solution of the following equations 


pVb - AC/q 


( 8 ) 


and 


pC/o + AVb , 

^ 2 V '0 = ^ 2+^2 V'o, 


(9) 


where A is a complex parameter independent of the coordinates p and z, and Uq = pgo,pgo ^ K) = pgo,zgo The 
derivative operators Di and D 2 are defined by 


Di = 


2 A 2 

A^ + p^ 


d\, 


D 2 — 9p + 


2Ap 

A 2 + p 2 


9a. 


( 10 ) 


Substituting the physical metric solution g^P^y^') given by the equation into the equations © and 0, we obtain 
a physical value of / : 


ti(ti+4— D) ~m — f ^ C-. 4— D T —r 4 

f = Cfop i5^=^det(rfci) - {Pk^ P )^]-W{p-k-Pi)^, 


n(n+4,-D) 2(n-3+D) 

k—1 k>l 

where C is an arbitrary constant, and fo is a value of / corresponding to the seed po- 


( 11 ) 


A. five dimensional two solitonic solution 

As mentioned in the introduction, we are interested in two solitonic solutions in five dimensional vacuum spacetimes 
as the simplest case. Therefore, let us put D = 5, n = 2 in the equations © and ©• Two soliton solutions are 
expressed in the form 


(phys) _ ^-4/ , ,, .,2 (unphys) 

9ab -P HPlP2)^9ab 

where ^ three dimensional unphysical metric which takes the form of 


( 12 ) 


^(unphys) {go)ca{go)db['ilJo\pi, p, z)]^‘'[ljjfj^{pk, p, z)y‘^. 


(13) 


k,l=l 


For simplicity of notation, we hereafter put = a, = 6, m ^2 = c, 171^2 = d, mgg^ = e, = f. The two 
poles are given by 


Pi = wi- z± (wi - z)2 + p2, 

P 2 = W 2 - z ± \/{w2 — zY + p2. (14) 

Through the below, we put Wi = —W 2 = —cr and choose both of signs as +: 

Pi = -a - z + \/{<T + z)2 + p2, (15) 

P 2 = +cr - z + \/(cr - z)2 + p2. (16) 

Here we comment that in general cases with two angular momentum components, the solution in general is not 
regular on a part of an axis if the seed solution is regular there. In fact, in a static limit (as such an example we can 
choose a = b = c = d = 0,e^0,f^0), the solution becomes 
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=diag(^(^^y(go)ii,(^)^5o)22,(^^ ^ 50 ) 33 ). (17) 

We find that the solution above is not regular on the part of the axis z < —a due to the existence of the factors 
(/ii/i2/p^)3, (/ri/r2//0^)“3; they behave as {^ 11 ^ 12 /~ p“3, (/riyLt2/p^)“3 r-^ p3 there. Since we use Minkowski 
spacetime as a seed in this paper, we cannot obtain a solution which is regular everywhere on the axis and has two 
angular momentum components. This is why we restrict ourselves to only solutions with a single angular momentum 
component. 

However, we should note that there exists some freedom when we construct a physical metric with one angular 
momentum component from an unphysical metric with one angular momentum component by multiplying the nor¬ 
malization factors. In e = / = 0 (or c = d = 0) case, the three dimensional unphysical metric can be 

decomposed into the 2-1-1 block matrix, 


^(unphys) 


(unphys) 

9ab 

0 

0 

( 50)33 


(18) 


where B = 1,2) is a 2 x 2 matrix dependent on the four parameters a, 6,c, d. In this case, in order to 

satisfy the constraint detg = —we may choose a normalization which multiplies by the normalization 

factor of four dimensions i.e. put D = A and n = 2 in the equation ®. We leave the remaining component ( 50)33 
intact, i.e. 
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(phys) _ 


^(unphys) 

UaB 

0 

0 

(50)33 


(19) 


We can easily show that if a seed metric satisfies the condition detgo = —p^, the physical metric m also satisfies 
this condition. (In c = d = 0 case, we can choose the same normalization which leaves (50)22 intact and multiplies 
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(unphys) 

Ab 




B. Static seed solutions 


The assumption that seed solutions 50 are static simplifies all analysis since we can assume that the generating 
matrix ipo becomes diagonal like ipo = diag(^/>i, '!/' 2 ,'^ 3 ), where (a = 1,2,3) are functions which depend on A, p 
and z. Then, the partial derivative equations for the generating matrix ipo are decoupled into each component and 
therefore, we can solve each 'ipa (a = 1,2,3) independently. The unphysical metric (1 1311 becomes 


(unphys) 

9ab 


{9o)ab - {go) aa {go)bb 


p^ + P 1 P 2 Sab 


9 9 

P 1 P 2 


( 20 ) 


where the functions E'(p,z) and T,ab{p,z) {a,b = 1,2,3) are given by the equations in Appendix A. Since 

the expression of the metric is much lengthy, we do not write it here. 


III. SOLUTIONS GENERATED FROM MINKOWSKI SEED 


In four dimensional stationary and axisymmetric spacetimes, the solution generated from flat background as a seed 
is most interesting, since it was shown that a double soliton on a Minkowski background gives a Kerr solution, which 
is one of physically most important black hole solutions 0 Therefore, we can expect that in five dimensions, this 
inverse scattering method might also give us interesting and important black holes with asymptotic flatness, and great 
insight into higher dimensional black holes. In this section, we focus on the simplest case, i.e. a two solitonic solution 
on five dimensional flat background spacetime. As a seed solution 50 , we choose Minkowski spacetime whose metric 
is given by 


ds^ = - 


{dp^ -I- dz^). 


dt \\d(l) \ 2 dp 2 


2 \/ 5 ^ + {z + na)^ 


( 21 ) 












5 


where 


^1 = \/+ {z -\- nay — (z + Ka), A 2 = \/p^ + (z + Kcr)^ + (z + Ka). ( 22 ) 

In this paper we assume At is a parameter satisfying k > 1. Here we put = t, x'^ = (j), x^ = ijj, and then 
go = diag(— 1 , Ai, A 2 ). The 3x3 matrices Uq and Vq corresponding to go are expressed in the form 


Uo = P9o,p9o ^ = diag 0,1 + 


z + Ka 




z -\- Ka 


’ ^p2 + 


(23) 


Vo = pgo,z9o ^ = diag 0, - 


+ (z + KaY ’ ^Jp'^ + {z + KaY I 


(24) 


The generating matrix ipo for the static seed go is diagonal, i.e. V'o(A, p, z) = diag('!/Ai(A, p, z), p, z), ' 03 (A, p, z)). 
Its components are given by 


'0i(A,p,z) = -I, 

■02 (A, p, z) = Ai - A = p"^ + {z + KaY - z - Ka - X, 

03 (A, p, z) = A2 + a = y'p^ + (z + kct )2 + z + KtT + a ( 25 ) 

with 0o(A = 0, p,z) = go- Substituting the equations (1^ . itTKll and itTHll into the equation (EIHl . we obtain the 
unphysical metric with eight parameters {a, k, a, b, c, d, e, /}. 


A. Single angular momentum case 


As mentioned in the previous section, we focus on a solution with a single angular momentum; this is the case 
where the three dimensional metric g is block-diagonalized as the equations m and m- Choosing the parameters 
as e = / = 0 , we study a physical metric which is generated with four dimensional normalization, as described in the 
equation m- The solution can be written in the following form: 


„(phys) 

Pll 


Gll (phys) _ , (p^ + PiP2)Gi2 

P 1 P 2 AI’ P 1 P 2 S 


„(phys) 

922 


— —Ai 


G 22 

P 1 P 2 S’ 


(26) 


(phys) _ , „(phys) _ (phys) 

1?33 —^2 , 923 — 9i3 


0 , 


(27) 


where pi, p 2 , Ai and A 2 are given by the equations (tT^ . (tTBl) and The functions Gn, G 12 , G 22 and S are 

defined as 


Gii — —a^6^(Ai — pi)^(Ai — p2)^(pi — P2)^P^ 

+ a?(f\ip.l{p’^ + pip2f‘{Xi-pif‘ 

+ 6^c^AiPi(p^ + pip2)^(Ai - p2)^ 

- c^S\lplpl{p,-p2f 

— 2a5cdAi(Ai — pi)(Ai — p 2 )(p^ + Pi)(p^ + P 2 )MiM 2 ) (28) 


G 22 — ci^b^ p\p\{pi — p2)^(Ai — pi)^(Ai — P2Y 

+ c 2 d^A?(pi-p 2 )V 

— a^fi^Aip3(Ai — pi)^(p^ + pip2)^ 

— 5^c^AiP2(Ai — P2)^(p^ + plP2)^ 

+ 2a6c(iAipip2(Ai - P2)(Ai - pi)(p^ + p?)(p^ + P2)> 


( 29 ) 
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Gi 2 = a5^c^2(Mi - Ai2)(Ai -/i2)^(Ai -/ii)(/9^ + Ml) 

+ ac(i^Ai/i2(/^2 ~ Mi)(Ai —/ii)(p^ + Ml) 

+ a^bdfii{p 2 — Mi)(Ai — Mi)^(Ai — M 2 )(p^ + M2) 

+ 6c^fiMiAi(Ai —/i2)(M^ + M2 )(mi ~ M2)i (30) 


S = a^6^(Ai — mi)^(Ai — M2)^(mi “ M2)^M^ + c^c?^Ai(mi — M2)^M^ 

+a^d^Ai(Ai — mi)^(m^ + MiM2)^ + c^fc^Ai(Ai — M2 )^(m^ + MiM2)^ 

- 2 a 5 cdAi(Ai - mi)(Ai - M2)(m^ + Mi)(m^ + M^)- ( 31 ) 


In order to see relation between the generated solution and the solution obtained by Mishima and Iguchi, let us 
consider the coordinate transformation of the physical metric such that 


t' = t — oja 


(32) 


where w is an arbitrary constant and = t,x^ = (p, x^ = ip. We should note that the transformed metric also satisfies 
the supplementary condition detg = —p^. Under this transformation, the physical metric components become 

gtt —> gt't' = gtt, 

gtp —> gt'p' = gtip + i^gtt, 

g<j)<j) ^ “f ‘^^gtp “t ^ gtt 

If we choose the parameters such that 


ab = 

/3, 

(36) 

be = 

a^{K - 1), 

(37) 

ad = 

—a^aP{K + 1), 

(38) 

cd = 

—aa{K^ — 1), 

(39) 

LO = 

Cl, 

(40) 


(33) 

(34) 

(35) 


and use the spherical polar coordinate {x,y) defined as p = cry/(x^ — 1)(1 — j/^), z = axy, then we can make sure 
that the transformed metric with components ESI,® and 15511 exactly coincide with the metric (the equations 
(EJ and (P|) in Appendix C) of a black ring solution with a rotating two sphere iHi We should note that our 
solution coincides with the original expression of the metric derived by Mishima and Iguchi( eq.(6) in ref. i) before 
we choose such parameters that closed time like curves vanises m- In order to show this coincidence, it is sufficient 
to calculate only two components gtt and gt,/, due to the supplementary condition detp = —p^ and the fact that the 
metric function / is determined by three dimensional metric g. 


IV. SUMMARY AND DISCUSSION 

In this article, we studied two solitonic solutions of vacuum Einstein equations from five dimensional Minkowski 
spacetime using the inverse scattering method. The solution with one angular momentum includes six parameters 
{a, 5, c, d, (T, k}, however, physical parameters are only four since the only ratios of a/c and b/d appear in the metric 
components ra i.e. the transformations of parameters which leave these ratios invariant are isometries. As a result, 
we reproduced a black ring solution with a rotating two sphere which was obtained by Mishima and Iguchi. However, 
we could not obtain a black ring solution which was found by Emparan and Reall from Minkowski spacetime with 
this inverse scattering method, though we tried to find that solution by restricting the parameters to c = d = 0. 

We also discussed the possibility that one can derive a black ring solution with two angular momentum components 
from Minkowski seed solution. We found that the generated solution cannot be regular on the part of an axis if the 
seed solution is regular there. Therefore, in order to obtain regular and asymptotically flat black ring/hole solutions 
by this inverse scattering method, we may need a singular seed solution. In this stage, we do not know how to generate 
such solutions. 
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Note added 

After we submitted this article to e-prints archives, we noticed a new article na, which has a considerable overlap 
with our article. In Ea, the Myers-Perry solution with one angular momentum was reproduced by the inverse 
scattering method. However, the black ring solution with a rotating two sphere, which we reproduced in this article 
by the inverse scattering method, contains the Myers-Perry black hole solution with a single angular momentum. 
Therefore, (2, 0) soliton solution in ref. ca are contained in our result, that is, if in our article we put /t = 1 in eq. 
(1^ . our result exactly coincides with their solution. 


V. APPENDIX 

A. General solutions generated from static seeds 

In this section, we describe general solutions generated from static seed solutions, where we may assume the 
generating matrix '0o(A,p, z) to be diagonal, i.e. ipo = diag('!/'i, ^’2, V’s)- Tti® unphysical metric can be written in the 
considerably long expression ; 


(unphys) 

Uab 


{9o)ab - (go) aa i9o)bb 


+ p.ip.2 Eab 


2 2 


where the functions E'(p, z), Ttabip, z) (a,b = 1, 2, 3) are defined as 

s' = -a^5^V'2(Ml)^'02(M2)^V'3(Ml)^'03(M2)^(5o)ll(Ml - 

- C^d2V'l(Ml)Vl(M2)V3(Ml)^'03(M2)^(5o)22(Ml “ M 2 ) 

- eV^V'l(Ml)^V'l(M2)^V'2(Ml)V2(M2)^(5o)33(Ml - 

+ a^d^'(/'i(M2)^V'2(Mi)^V'3(Mi)^'03(M2)^(5o)ii(5o)22(p^ + 

+ a^/^V'i(M2)^V'2(Mi)^V’2(M2)^V’3(Mi)^(5o)ii(5o)33(M^ + MiM2)^ 

-I- 5^C^V'i(Mi)^V'2(M2)^V’3(Mi)^V’3(M2)^(5o)ii(So)22(P^ + MiM2)^ 

+ cVVi(Mi)Vi(M2)V2(M2)^V’3(Mi)^(5o)22(5o)33(M^ +MiM2)^ 

-b 5^e^V’i(Mi)^V’2(Mi)^V’2(M2)^V'3(M2)^(5o)ii(5o)33(/0^ +MiM2)^ 

-b d^eVl(Ml)Vl(M2)V2(Ml)^V’3(M2)^(5o)22(5o)33(P^ +MiM2)^ 

- 2a5c#i(Mi)V’i(M2)V'2(Mi)V’2(M2)'*/'3(Mi)^V’3(M2)^(5o)ii(5o)22(p^ +Mi)(m^ +M 2 ) 

- 2a6e/V'i(Mi)V'i(M2)'i/’2(Mi)^V'2(M2)^V'3(Mi)'03(M2)(ffo)ii(5o)33(p^ + Mi)(p^ + M 2 ) 

- 2cde/'!/'i(Mi)^V’i(M2)V2(Mi)V'2(M2)V'3(Mi)V’3(M2)(Mo)22(Mo)33(p^ + M?)(m^ + mI), 


(41) 


(42) 


Ell = a^&^V'2(Mi)^V'2(M2)^f/’3(Mi)^l/’3(M2)^(5o)ii(Mi ~ M 2 )^M^(m^ - M 1 M 2 ) 

-b a^d^V’i(M2)^V'2(Mi)^V'3(Mi)^V'3(M2)^(5o)22M2(M^ + Mi)(m^ + M 1 M 2 ) 

+ aV^V'i(M2)^V'2(Mi)^V’2(M2)^V’3(Mi)^(Mo)33Mi(p^ + M?)(m^ + M 1 M 2 ) 

-b 6 ^cVi(Mi)V2(M2)^V’3(Mi)^V’3(M2)^(5o)22M?(M^ + pl){P^ + M 1 M 2 ) 

-b 6^e^i/>i(/ii)^-02(Mi)^V’2(M2)V3(M2)^(Mo)33M?(M^ + M 2 )(P^ + M 1 M 2 ) 

- 2a6cd?/’i(Mi)V’i(M2)'*/'2(Mi)V’2(M2)V'3(Mi)^V’3(M2)^(So)22MiM2(p^ + Mi)(m^ + M 2 ) 

- 2a6e/i/;i(/xi)V'i(M2)V’2(Mi)^V'2(M2)^V'3(Mi)V’3(M2)(Mo)33MiM2(M^ + Mi)(p^ + 


( 43 ) 



S 22 = a^rf^V'l(M2)^'*/'2(A*l)^V'3(Ml)^V'3(M2)^(5o)llAil(P^ +M 2 )(P^ +M 1 M 2 ) 

+ 6^C^V’l(Ml)^V’2(Ai2)^^3(Ail)^^3(M2)^(5o)llM2(P^ + Ml) (P^ + M 1 M 2 ) 

+ C^fi^l/’l(Ml)^l/’l(M2)^V’3(Ml)^V'3(M2)^(Po)22(Ml - ^i 2 fp^{p^ - M 1 M 2 ) 

+ cVVi(Mi)Vi(M2)V2(M2)^^3(Mi)^(5o) 33M2(P^ +Ml)(P^ +M 1 M 2 ) 

+ (i^eVi(Mi)Vi(M2)^V’2(Mi)^V'3(M2)^(5o)33M?(p^ +M 2 )(p^ +M 1 M 2 ) 

- 2a5cdi/>i(^i)i/>i(^2)V'2(Mi)V’2(M2)V’3(Mi)^V’3(M2)^(5o)22MiM2(p^ +/Xi)(p^ +^ 2 ) 

- 2cde/i/;i(/xi)^i/>i(^2)^V'2(Mi)V’2(M2)V'3(Mi)V’3(M2)(5o)33MiM2(p^ + Aii)(p^ +M 2 )) 


S 33 = a^/^'i/'i(M2)^'i/'2(Mi)^V’2(M2)^V’3(Mi)^(5o)iiM?(p^+ Mi)(p^+M 1 M 2 ) 

+ ^^e^i/’i(/xi)^i/’2(Mi)^'*/'2(M2)^V'3(M2)^(5o)iiM2(P^ + Mi)(P^ + M 1 M 2 ) 

+ cVVi(Mi)Vi(M2)V2(M2)^^3(Mi)^(5o)22M?(P^ +M 2 )(P^ +M 1 M 2 ) 

+ (i^e^'i/'i(Mi)^V’i(M2)^V’2(Mi)^'*/'3(M2)^(5o)22M2(P^ +Mi)(P^ +M 1 M 2 ) 

+ eV^^i(Mi)^^i(M2)V2(Mi)V2(M2)^(5o)33(Mi -M 2 )^P^(p^ -M 1 M 2 ) 

- 2a6e/V'i(Mi)'i/'i(M2)V’2(Mi)^V'2(M2)^V'3(Mi)^3(M2)(5o)iiMiM2(p^ +Mi)(p^ +M 2 ) 

- 2cde/i/;i(/ii)2?/^i(^2)^V'2(Mi)V’2(M2)V'3(Mi)V’3(M2)(5o)22MiM2(p^ +M?)(p^ +^ 2)5 


Ei 2 = a&^«/>i(All)'i/'2(Ml)^2(M2)V3(Ml)V3(M2)^(Po)llM2(M2 - Ml)(p^ +Ml)p^ 

+ acfi^V’i(Mi)V'i(M2)^V'2(Mi)V’3(Mi)^V'3(M2)^(5o)22M2(M2 -Mi)(p^ +Mi)p^ 

+ a^6#i(M2)V’2(Mi)^V'2(M2)V’3(Mi)^V'3(M2)^(5o)iiMi(Mi -M 2 )(p^ +M 2 )P^ 

+ &C^d'i/'l(Ml)^V’l(M2)V'2(M2)V’3(Ml)^V'3(M2)^(5o)22Ml(Ml -M2 )(p^ +M2)P^ 

+ ac/^l/>i(/Xi)V'l(M2)^V’2(Ml)V'2(M2)V3(Ml)^(Po)33M2(P^ +Mi)(p^ +M 1 M 2 ) 

+ Me^V’i(Mi)^V'i(M2)V’2(Mi)^V’2(M2)V'3(M2)^(po)33M?(p^ +M 2 )(p^ +M 1 M 2 ) 

- a(ie/V'i(Mi)V’i(M2)^V’2(Mi)^V'2(M2)V’3(Mi)V'3(M2)(po)33MiM2(p^ +/Xi)(/j^ +^ 2 ) 

- &ce/i/;i(/xi)^i/>i(/X2)'i/'2(Mi)V’2(M2)^V’3(Mi)V'3(M2)(5o)33MiM2(p^ + M?)(p^ + ^ 2)5 


Si 3 = a6^ei/>i(/xi)'i/'2(Mi)^^2(M2)^^3(Mi)'*/'3(M2)^(po)iiM2(M2 - Aii)(p^ + M?)P^ 

+ ae/^i/>i(/xi)'i/'i(M2)^V’2(Mi)^V’2(M2)^V’3(Mi)(5o)33M2(M2 -Mi)(p^ +M?)P^ 

+ a^&/V’i(M2)V’2(Mi)^V'2(M2)^V'3(Mi)^V'3(M2)(po)iiMi(Mi - M 2 )(p^ + M 2 )P^ 

+ ^e^/V’i(Mi)^V’i(M2)V'2(Mi)^V’2(M2)^V’3(M2)(5o)33Mi(Mi -M2)(p^ +M2)P^ 

+ a(i^eV'i(Mi)'i/'i(M2)^V'2(Mi)^V’3(Mi)V'3(M2)^(5o)22M2(P^ + Mi)(P^ + M 1 M 2 ) 

+ 6cVV'i(Mi)Vi(M2)V’2(mi)V3(mi)^V'3(M2)(po)22M?(p^ +m1)(p^ +M 1 M 2 ) 

- aC(i/l/>i(/Xi)l/>i(^2)^V'2(Ml)V’2(M2)V'3(Ml)^V’3(M2)(5o)22MlM2(p^ +mD(p^ +M 2 ) 

- 6c(ie'i/'l(Ml)^'i/'l(M2)V'2(Ml)V'2(M2)V’3(Ml)V'3(M2)^(Po)22MlM2(p^ +Ml)(p^ +M 2 )> 


S 23 = C(i^ei/>l(/Xl)^l/>l(^2)^V'2(Ml)V’3(Ml)V'3(M2)^(po)22M2(M2 - + ^x\){p^ +/X 2 ) 

+ Cef'lpl{pif'lpl{p2f'lp2ipi)'lp2ip2f'lp3ipi)igo)33P2ip2 - ^1 ) (P^ + M? ) (P^ + M 2 ) 
+ c2c(/'V'i(mi)Vi(M2)V2(m2)V'3(mi)V3(M2)(po)22Mi(mi “ M 2 )(p^ + M?)(p^ + m 1 ) 
+ c?e^/V’i(Mi)^V’i(Mi)^V’2(Mi)^V'2(M2)V’3(M2)(po)33Mi(Mi -M 2 )(p^ +Mi)(p^ + M 2 ) 
+ 6^ce'i/'i(Mi)^V'2(Mi)^V'2(M2)^V’3(Mi)V’3(M2)^(po)iiM2(P^ + Mi)(p^ + M 1 M 2 ) 

+ a2c(/''!/'l(M2)V2(Ml)V2(M2)V'3(Ml)V3(M2)(Po)llM?(P^ +M 2 )(p^ +M 1 M 2 ) 

- a&c/'i/;i(Mi)V'i(M2)V’2(Mi)V'2(M2)^V’3(Mi)'*/'3(M2)^MiM2(p^ +Mi)(p^ +M 2 ) 

- a6(ie'i/'i(Mi)V'i(M2)V’2(Mi)^V'2(M2)V’3(Mi)V'3(M2)^MiM2(p^ + Mi)(P^ + M^)- 
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B. Conformal rescale 

Here we study how the generating matrix ip transforms under the transformation of the seed metric. If we perform 
the conformal transformation g ^ g = ^g for H such that H = H(p, z) is a function dependent on p, z and lnH(p, z) 
is a harmonic function which is the solution of 


A InH = 



1_5 

pdp 



In H = 0, 


then the generating matrix ip corresponding to g satisfies 


(49) 


and 


Diiln-ip) 


pVo-xUo p^n,,-pxn,p 

p2 + A2 p2 + 


D2i\n'ip) 


pUf) + AVg p^VL p + pAH 2 

p2 + A2 p2 + A2 


(50) 


(51) 


Since these equations are linear, we easily find that the solution of the equations and can be expressed in 
the form oi ip = ip\^] ■ ip^ where ip is the solution of equations (jHJl and for the metric p, and '^[H] is the solution of 
the equations : 


Dii\niP[n]) 


P^VL^^- pXVLp 

p2 + A2 


D2ilnpj[n]) 


P^Vl^p + pXU^z 
p2+A2 


(52) 


If and ^’[^2] are the solutions of (15211 for harmonic functions Hi and H2, respectively, then we also find that 
the solution ip[niil 2 ] of II52II for the function H1H2 satisfies the relation '0[HiH2] = '0[Hi]’!/)[H2]. We list the important 
solutions of the equations (EHi in our discussion, 


iP[l] = 1, 

i’lgi] = AH - A, 

■ip[g2] = p-2- X, 

V'[Ai] = Ai — A, 

^^[^2] = A2 + A, 

i/,[p2] = p2-2zA-A^ (53) 

where Ai and A2 are given by the equations From these results, the ip corresponding to the seed solution 

g = P1P2 ■ ■ ■ AJ A^p^^po can be expressed in the form 

ip = {iP[p,]niP[p2]f • • • {iPiX^WiiPMfiiPip^WP^o. (54) 

C. Black ring solution with a rotating two sphere 

We describe the metric of a black ring solution with a rotating two sphere which was found by Mishima and Iguchi. 
Here we use the ^herical polar coordinate (x,p) defined by the equations p = tr-^/(a;2 — 1)(1 — y^) and z = <Jxy, as 
used in the Ref. [3. The explicit expression is 

(a;2 - 1)(1 + FG)2 - (1 - y^){F - G)^ 

[(x + 1) + (x - 1)TG]2 + [(1 + y)F + (1 - p)G]2 ’ 


gtt — — 


(55) 
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9t<j> — 


2aX^ {x^ - 1)(1 + i^G)[(l - y)G - (1 + y)F] + (1 - y^){G - F)[a: + 1 + (1 - x)FG] 


P 

+Gi 


[(re + 1) + (x - 1)FG]2 + [(1 + y)F + (1 - y)G]2 
(x2 - 1)(1 + FGf - (1 - y‘^){F - G)2 
[(x + 1) - (x - 1)FG]2 + [(1 + y)F + (1 - j/)G]2 ’ 

9<t><t> — 1 

9tt 

where Ai and A2 are given by the equations (I22II . Here the functions F, G and the constant Gi are defined as 


(56) 


(57) 


F = a- 


G = f3- 


2{xy + K + x"^ + y^ + 2Kxy + — 1) 2 
2{xy + K + -^/x^ + + 2Kxy F hF — 1)^ 


' + y + K — 1 + -^/x^ + y^ + 2 Kxy + k'^ — 1 


Gi = 


2a 2 a 


1 + aP 

Substituting the following equations into and 

a{K + l)cr5Af (x + 1)(1 - y) 


;2 - 1 

(58) 

1)2 

1)^ 

(59) 

;2 - 1' 


(60) 


F = -- 

P "02(^2) 

we obtain the other expression of metric components, 


G = - 


Pp 


02 (yi) 




A ^ 1 , C ^ A 

9tt — --^, 3(0 — 2 ct2 Ai-^ + Gi^, 

i) o F 

where the functions A, B and G are defined as 

A = -/3^02(yi)^02(M2)^(l + y)^ + cra^P^(K + l)^Ai-i/’2(3i)^(a^ + 1)^ + o-(k - l)^AiV'2(M2)^(a; - 1)^ 
- a‘^a^{K^ - - yf + 2cra/3(K^ - l)AiV^2(Ati)02(y2)(a;^ - y^), 


(61) 


(62) 


(63) 


B = /3^'!/'2(mi)^02(M2)^(1 - yf + a‘^a^{K^ - l)^Ai(l - y^) + aa^P'^{K + l)^V’2(3i)^Ai(x^ - 1) 
+ a{K - l)^02(y2)^Ai(x^ - 1) + 2 .aaP{K^ - l)Xiip2{pi)'tl^2{p2){x^ - y^), 


(64) 


G = -/3(k - l)02(Ati)02(y2)^(a:: + y) - a0^(K + l)02(yi)^02(At2)(a; - y) 

+ CTa^/3(K^ — l)(s; + l)Ai'(/’ 2 (yi)(a:: + y) + cra(K^ — l)(s; - l)V’ 2 (At 2 )(a:: - y)- (65) 
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